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ON THE CIRCUMRADIUS OF A SPECIAL CLASS OF 

n-SIMPLICES 

YU-DONG WU AND ZHI-HUA ZHANG 



Abstract. An n-simplex is called circumscriptible (or edge-incentric) if there 
— ' is a sphere tangent to all its n(n + l)/2 edges. We obtain a closed formula 

for the radius of the circumscribed sphere of the circumscriptible n-simplex, 
and also prove a double inequality involving the circumradius and the edge- 
inradius of such simplices. Among this inequality settles affirmatively a part 
of a problem posed by the authors. 



1. Introduction 



A (non-degenerate) n-simplex fi = [Aq, A\, ...,A n ],n > 1, is defined as the con- 
vex hull of n + 1 affinely independent points (or position vectors) Ao,A\,..., A n in 
Euclidean n-space. The points Ao,Ai,...,A n are the vertices of $7, and the line 
segments ay joining two different vertices Ai and Aj are its edges. 
£SJ ■ Every n-simplex has a circumscribed sphere passing through its n + 1 vertices 

and an inscribed sphere tangent to each of its n + 1 facets. For the circumradius R 
and the inradius r, we have the celebrated Euler's inequality as follows 

\D • R>nr. (1.1) 



An n-simplex is circumscriptible (or edge-incentric) if there is a sphere tangent 

to all its n(n + 1)/2 edges. Considering such a simplex, we call this the edge-tangent 

p^ ' sphere of the n-simplex, and note p as the edge-inradius of this sphere. Of course, 

not every n-simplex (77 > 3) has an edge-tangent sphere. However, we have the 
following sufficient and necessary condition given by Lin and Zhu [3] (see also Hajja 
[3 p. 242, Theorem 4.1]). 

K*N -, 

5^ ■ Theorem 1.1. The n-simplex Q has an edge-tangent sphere if and only if there 

exist {i.e., so-called the balloon radii) Xi > with < i < n satisfying dij = Xi + Xj 

for < i < j < n or 

( „ \ 

1 



n(n — 1) 



Y, a -j - J2 



a 



ij 



i=0 0<i<j<n 



In 2006, Hajja [I] derived many geometrical properties of the circumscriptible 
n-simplex. He also proved a closed formula involving the edge-inradius (i.e., the 
radius of the edge-tangent sphere) : 
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Theorem 1.2. ((TJ p. 249, Theorm 7.2 (d)]) The edge-inradius p of O is given by 

2( ^1 . (1.2) 

n 

E£) -(n-l)E^ 

The original for Theorem 11.21 is based on the following generalized formula of 
the edge-inradius of a circumscriptible n-simplex in terms of its edge-lengths given 
by Ivanoff [2J, Lin and Zhu [3J. 

Theorem 1.3. Given a circumscriptible n-simplex Q, we have 

„2 \M 



whe 



A = 



9 2|^| 

/ — 2x 2 ) 2xqX\ 

2xqX\ —2x\ 

\ ^'XqXji ZX\X n 



A 1 



f° l 

1 • 



\1 



.4 



2x x n \ 
-2x1 J 



/ 



For the circumradius R of a circumscriptible n-simplex f2, in 2007, an interesting 
problem stems naturally from the above investigations and the following Theorem 
11.41 by Hajja [U p. 261]: Finding a closed formula for the circumradius of a cir- 
cumscriptible n-simplex in terms of its balloon radii Xi with < i < n as similarly 

dOD. 

Theorem 1.4. (see i2i and also [5]) For a circumscriptible n-simplex fl, then we 
have 



where 



D = 



(xi+x ) 2 (x 2 + x ) 2 

(x a +xi) 2 (x 2 + xi) 2 

{x +x 2 ) 2 (x 1 +x 2 ) 2 



(x n +a; ) 2 \ 
(x n +xi) 2 

(X n +X 2 ) 2 



and 



\(x + x n ) 2 (xi+x n ) 2 {x 2 +x n ) 2 







/ 



D, = 



1 • 



\i 



D 



J 



A double inequality for the radius of the circumscriptible tetrahedron Q = 
A AiA 2 A 3 A4 and sharpening Euler's inequality (|l.l|l is proved in [4] and [6] 

i? > V3p > 3r. (1.3) 
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As a generalization of inequality (|1.3[) . Wu and Zhang [6] posed an analogous 
problem for the circumscriptible n-simplex. 

Problem 1.1. In a circumscriptible n-simplex Q, prove or disprove that 



2n 

R>\l p>nr. (1.4) 

" n — 1 

Recently, Wu et al. [7] proved the right hand of double inequality (jl.41) . 

In this paper, we will give a closed formula for the circumradius of a circum- 
scriptible n-simplex in terms of its balloon radii x% with < i < n as similarly 
(|1.2j) . and settle the left hand of double inequality (|1.4I) affirmatively. 

2. Main Results 

Theorem 2.1. The radius R of the circumscribed sphere of a circumscriptible n- 
simplex £1 is given by 

'R\ 2 [MP - (n - l)(n - 3)] 2 - [M 2 - (n - l)N][P 2 - (n - 1)Q] 



PJ 16(n-l) 



2 



(2.1) 



and 



y2 _ [MP - (n - l)(n - 3)] 2 - [M 2 - (n- 1)N}[P 2 - (n - 1)Q] 



R 8(n-l)[P 2 -(n-l)Q] ' (2 ' 2) 



where 

n 



A/ = ^x,, ^ = ^ a ; i 2 ; P = ^T— , andQ = J2—- ( 2 - 3 ) 

i=0 i=0 i=0 * z=0 » 

Remark 2.1. When n = 2, then, in the triangle, we have the well known formula 

(XQ + Xl)(xx + X 2 ){X 2 + Xq) 



R 



4-\/iroa;i:r2(a;o + x[ + x 2 ) 

a01 a 12O02 



^/{a 01 + a 12 + a 02 )(a 01 + a 12 - a 02 )(a 12 + a 02 - a 01 )(a 01 + a 02 - a 12 ) 

Remark 2.2. In 2007, Hajja [TJ p. 261] said: "the questions regarding non-regular 
edge-incentric d-simplices in which the circumcenter and the incenter coincide were 
not considered. We expect these questions to be rather difficult, since we were unable 
to find a closed formula for the circumradius of an edge-incentric d-simplex in terms 
of its balloon radii. Such a formula in the form of a quotient of two determinants 
is given in [2] ". 

For the given formula (|2.2[) , in our private communication, Hajja also said: "I 
am really very impressed that you succeeded in finding a closed formula for R — / 
have tried to do so last year but never was able to. Actually, I asked a colleague in 
Germany for help but he failed too". 

Theorem 2.2. For circumscriptible n-simplex Q, we have 

0<i? 2 - Jl^ p 2 <(n + l) 2 \OG\ 2 , (2.4) 

n — 1 

where O and G are the circumcenter and the centroid of the circumscriptible n- 

simplex fl, respectively. 

Remark 2.3. The left hand of double inequality (12.41) is just the left hand of double 
inequality (|1 -4[) . 
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3. Preliminary Results 

Throughout this section, let A, A\, D, D\ and x% for < i < n be defined by 
the above section, V be the volume of Q, and 



B x 



1 



,-Ba 



111 



Xn Xi 3?q 



1 



V*n V 



Lemma 3.1. (7J Lemma 1]) W^e have 

\A\ = (-l) n (n-l)2 2n+1 (f[: 



\i=0 



and 



A- 



2-n 


1 


1 


1 


1 


1 


in — 4 


' 3? 
1 


4n — 4 


2l2 


in— 4 


2:22:0 


1 


2-n 


1 


1 


1 


4n — 4 


x xi 


4ri— 4 


' 3? 

I 1 


4n — 4 


222:1 


1 


1 


1 


2-n 


1 


4n — 4 


x 2:2 


4n — 4 


2:12:2 


4n — 4 


!: 2 


1 


1 


1 


1 


1 


1 



V 4n— 4 ajo^n 4n— 4 x\x n 4n— 4 £2£n. 

Proof. It is clear that 



iai = 2» +i m. 



\i=0 



-1 1 1 

1 -1 1 

1 1 -1 

1 1 1 



i2 ' 



4n— 4 2^2o 

1 _ 1 
4n— 4 2^21 

1 _ 1 

in — i 2,,22 



in — i x 



■I I 



-1 



(3.1) 



(3.2) 



2" +1 M]> 



v«=o 



-1 
2 


i 
-2 


i 

•■ 


i 
• 


2 





-2 ■■ 


• 



2 



2 n+i (ii 



2" +1 (n^) •(-!)"(«- l)2 r 



- 1 


1 


1 ■• 


1 





-2 


•• 


• 








-2 •• 


• 



(-!)'> -l)2 2n+1 F] 



vi=0 
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Let us to compute A 1 . We know that the adjoint of A is 



A* 



/ Mi 

A 2 i 



A12 
Mi 



\A n +is A n+ i.- 



Al^n+l \ 
A-2,n+l 



A n +l,n+l/ 



where Aij is the cofactor of the element 2x%-\Xj-\{i 7^ j) or —2xf_ 1 (i = j) of .A. 

From the process of computing \A\ above, for < j < n, it is easily to obtain 
that 

2 



% = (-l)- 1 (n-2)2 



2n-l 



n 

. i=0, . 



2-n 1 



4(n-l) a* 



|A|. 



Now, we compute Aij for < i < j < n because of Aij = A,-, with A = A' . That is 



^ = (-1) 



i+j 



—2^0 2xixo 
22:02:1 —2x\ 

2x Xi~ 2 2x\Xi-2 



2xj-2Xq 2xjXo 
2xj-2X\ 2xjx\ 

2xj-2Xi-2 2xjX%-2 



-1111 
1-111 



3 — S**'?! Z,XjX n 



ZXnXQ 
AXnX\ 

ZX n Xi — 2 

ZiXnXi 

-2x1 



n x -< 

( IV" 1 "- 7 2" ^ i ~° 



3<z— \Xj — 1 



1 1 



d 



n s> 

f lV + - 7 2" ^'~° 



Xi— \Xj— 1 



1111 

-2 



C 2 



(-1) J +J2™(-2)"" ( ^ 4) |C 2 |^^- 



X^_iXj_i 



(_l) i +J'2™(-2)™-^-^(-l)- J - i+1 (-2) J ' 



-i-l \i=0 



n 



Xi—i Xj — 1 
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2 



n X; 

(-l)V+ 1 2 n (-2) n - ] "'"" 



n x, 

f_-t\nn2n— 1 V»=0 



2 



where 



C\ 



Xi—\Xj—\ 

1 



and 



C 2 



/I -2 
1 1 



1 1 

Vi i 

/0 -2 







\i o 



4(ro — 1) Xi-iXj- 
1\ 



14, 



-2 
1 / W - 



0/— j)x(j'-i) 







-2 
/ u- 



Cj'-»)x(j-«) 



It follows that p.2[) is true from the above A* , Aij and 



A' 1 =— i*. 



|A|" 



n 



Remark 3.1. Wu et a/. [7] directly gave A -1 without computing process, and we 
here give the complete proof of this lemma. And the proof of (|3.1[) is more simple 
than Hajja [U p. 250]. 



Lemma 3.2. For x% > with < i < n, 

\ 2 



)2n-3 



i^i = (-ir^T n 



.}. j 



■ {[MP - (n - l)(n - 3)] 2 - [Af 2 - (n - l)iV][P 2 - (n - 1)Q]}, 
whereM, N, P, and Q are given by (J2.3I) . 

We shall give two proofs of Lemma \'3. 2 1 as follows. 



Proof 1. Denoting the j— th column by P., and the j— th row by Qj, we perform 
the following operations on \D\: 

(1) We accession a new row Qi = (l x$ x\ x\ ■ ■ ■ a: 2 ) . 

(2) We subtract Q\ from Qj+i for j = 1, • • • ,n + 1. 

(3) We accession a new column Pi = (l Xq x 2 x 2 . • • • a; 2 ) . 

(4) We subtract Pi from Pj+2 for j = 1, • • • , n + 1. 

(5) We divide Qj+2 and P^+2 by taking appropriate common factor Xj-\ for 

j = !,-■■ ,71+1. 

(6) We add Pj+s from P3 for j = 1, • • • , n and divide P3 by taking a common 
factor ?i — l. 
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(7) We subtract P3 from Pj+3 for j = 1, • • • , n. 

(8) Wc add \ (j^P - J-) Q j+3 from Q 1 and \ (x 3 - ^Af) Q i+3 from Q 2 

for j = 1, 2, • • • , n, and also add \ (^jP - ^J Q3 from Q 1 and | f x - ^tjM 



from Q2- 
It is clear to see that 



\D\ = 



( Xl +x a ) 2 (x 2 +x ) 2 
(x +xi) 2 (x 2 +xi) 2 
(x +x 2 ) 2 (xi + x 2 ) 2 



(x n + x ) 2 
(x n + xx) 2 
(x„ + x 2 ) 2 



(xo + x n ) 2 (xi -t 

(xi 

(xo + x^ 2 

(xq + x 2 ) 2 (xi + x 2 ) 



(x 2 



2 
1 


x 2 


x 2 


-xo) 2 


(x 2 +x ) 2 ■ 


■ (x„+x ) 2 


) 


(X2 + X1) 2 • 


■ (x n +xi) 2 


-x 2 ) 2 





■ (x n + x 2 ) 2 



(x + x„) 2 (xi+x n ) 2 (x 2 +x„) s 

-1 -x 2 

— 1 x 2 + 2xqX\ 

— 1 x 2 , + 2x0^2 



Xq + 2x xi x§ + 2x x 2 
—x 2 xf + 2xiX2 



"^ Ti 



2xiX2 



£ii\j\<Xj y t 



£lJj~^Ji/if l 



1 











1 


Xq 


2 


-1 


-T 2 
Xq 


,,,2 
■' 1 


-1 


x 2 + 2xqx 



2xqXi 



Xq 





x 2 
- 2x x 2 

- 2xiX2 



n "I - '-^ ti n '~ ^"~ , \" j Ti ti ~* 1 ^ 



n 




1 

-1 
-1 

-1 

1 



Xo 
Xl 



1 



-2r 2 

ZXq 

2x xi 



2x x r , 


1 



-1 
x\ 

2xoXi 

-2x 2 



-1 

2 

x 2 

2x x 2 

2xiX2 



£1 JU 1 JU ■yy £1 JU 1 JU Y, 



-1 

2 

zxox n 

ZXxX n 



zx 



Xq 

xo 

-2 



■i- 2 



_ j_ 
11 

Xl 

2 
-2 



_ j_ 

2=2 
X 2 

2 
2 





x 2 




+ 2x x n 


i 


I £jJ^\J^y^ 


x'2 


+ 2x 2 x„ 




~x 2 





2 
- 2x X r . 



-2 
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(n-l)II : 



4=0 



(n-l)jj- 



j=0 



1 

x 

Xi 

x 2 

■^ n 

l 
o 

•f'o 
xi 



J-o 



XX 



p - 



_j_ 
J'l 

Xl 

2 
-2 

2 



Xi 

2 

2 

-2 



-^ 2 



n — 1 x i 

"— i '■ n — 1 





n — 1 
1 



n-1- 

2 



-i 2 



(n -I)]}-' 



i=0 



)2n-3 








n — 1 a;„ 



"« re-1 






M 



4(„-l)^l 


4(„-l)^2 








• 


• 


4(„-l)- Y 3 


4(„-lW Y l 








• 


• 


Xo 


2 





• 


• 


Xi 


_J_ 


2 


-4 


• 


• 


3'2 


? 


2 





-4 • 


• 



(xf - X 2 X 3 ). 

\i=0 / 

where 

X x =MP - (n- l)(n-3), 

X 2 = P 2 - (n - 1)Q, 
X 3 = M 2 - (n - 1)JV, 
and M, N, P, Q are given by (j2~3"|) . 

Proof 2. It is easily to find that 

\A\-\E 2 + B 2 A- 1 B 1 \ 



A B x 



A Si 

E 2 + B 2 A- 1 B 1 



and 



where E 2 = 



1 
1 



By means of 



A B x 

-B 2 E 2 



we obtain 



A + BxB 2 Bx 
E 2 



\A + BxB 2 \, 



E 2 + B 2 A- x Bx 




(3.3) 



D 



(3.4) 



(3.5) 



(3.6) 



ON THE CIRCUMRADIUS OF A SPECIAL CLASS OF n-SIMPLICES 



From flH]) and (J3T3J)— <(3l6]) , it is deduced that 

\D\ =\A + B l B 2 \ = \A\ ■ \E 2 + B 2 A~ l B 1 \ 

n2n-3 ( « \ 2 



where X\ , X 2 and X 3 are given by 

This evidently completes the proof of Lemma 



D 



Lemma 3.3. ( J5, Corollary 2, p. 96]) For n-simplex Q, we have 



1 



(-mD\ 



(nl) 2 V 2 R 2 = -dct \--al = . . - 

Lemma 3.4. ([3] Corollary 1]) Given a circumscriptible n-simplex SI, we have 



{n\) 2 V 2 p 2 = 2 n (n-l) [JJ; 



Lemma 3.5. ([5, (3.5.11), p. 112]) Let O and G are the circumcenter and the 
centroid of the n-simplex O, respectively. Then we have 



\OG\ 2 = R 2 



— y 
+ i) 2 . a 



(n + l) 2 ^ ir 
0<i<j<n 



4. The Proof of Theorem 12.11 

Proof. This follow straightforwardly from Theorem II and Lemmas l3.2H3.4l bv stan- 
dard arguments. □ 



5. The Proof of Theorem 12.21 

Proof We will prove Theorem 12.21 with two steps. 

(i) Firstly, we prove the left hand of inequality (|2.4p . 

Let M, N, P, and Q are given by ()2.3[) . By using the well-known power 
mean inequality and Cauchy inequality, then we have N > ^hp Q > ;jxtj 
and MP > (n + 1) 2 . Further considering P 2 - (n - \)Q > follows that 



[M 2 - (n- l)N][P 2 - (n- 1)Q] 



< 



AT 



n — 1 

n+1" 



-M 2 



P 1 



n- 1 
n + 1" 



:p^ 



(n + l) 2 



r M 2 P 2 . 



(5.1) 



From (|5.ip . 1 — /„ 4 -, S y > and the function 



y = 



1- 



(n + 1) 2 



(n-3)(n+l) : 
n + 3 



-i 2 



4(n-l)(n-3) 2 
n + 3 
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is increasing on interval I — — ^^ — — , +00 j , and MP > (n+1) 2 > — — ^| — — 
for n > 2, we obtain 



[MP - (n- l)(n - 3)] 2 - [M 2 - (n - 1)7V][P 2 - (n - 1)Q] 



>[MP- (n-l)(n-3)] 2 - 



l) 2 



M Z P Z 



> 



(n+l) 2 
4 



AfP 



(n-3)(n + l) 2 



n + 3 



4(n-l)(n-3) 2 
n + 3 



(5.2) 



(n+l) 2 
=32n(n- 1). 



(n + l) 



., (n-3)(n + l) 2 ] 4(n-l)(n-3) 2 



n + 3 



n + 3 



According to (|2.ip and (j5.2|l . we get 



i?y 32n(n- 1) _ 2n 



p J 16(n — l) 2 n — 1 

It is clear to show that the left of inequality (12.41) holds, 
(ii) Secondly, with Lemma 13.51 the right hand of inequality (|2.4[) is 



(n + l) 2 P 2 - Yl a%>R 

0<i<j<n 



1 2n 2 



n- 1 



9 



(5.3) 



For n = 3, the required result is proved in 0]. 

Now we prove that inequality (J5.3I) holds when n > 4. Obviously, from 
Theorems 1 1.2H2TT1 inequality (|5.3p is equivalent to 



2) 1 



n(n + 2)i? 2 H p 2 > ^ a: 



0<i<j<n 



or 



n{n + 2) [MP - (n - l)(n - 3)] 2 - [M 2 - (n - 1)7V][P 2 - (n - 1)Q] 



(n-1) 



4n 



P 2 -(n- 1)Q 
>M 2 + (n- 1)JV, 



P 2 -(n- 1)Q 

that is 

»(n + 2) [MP - (n - l)(n - 3)] 2 + 32n(n - 1) 
>[(n 2 + lOn - 8)M 2 - (n - l)(n - 2)(n - 4)7V][P 2 - (n - 1)0], 



(5.4) 



where M, iV, P, and Q are given by 

From the proof of Theorem l2.1[ we have N > ^y and Q > +xx- Hence, 
in order to prove inequality (|5.4p . we only need to prove the following 
inequality 

■> / n 12n(3n — 2) , , „ 9 

2 1 oo„/„ 1^ X MP 



i(n + 2)[MP- (n- l)(n - 3)] 2 + 32n(n- 1) > 



(n + l) 2 
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or 



(n 2 + 5n - 26) 



MP (" + 2 )("- 3 )(^ + 1 ) 2 
n 2 + 5n - 26 

4(3n-10) 2 (n + l) 4 



(5.5) 



When n > 4(n G N), it's clear that (n + l) 2 > ( " + ^ ( ;~^ 6 +1) , and the 
function 



>0. 

n' 2 +5n-26 



f(x) = (n 2 + 5n - 26) 



(ri + 2)(n-3)(n + l) 2 



4(3n- 10) 2 (n + l) 4 



is increasing on interval [(n+ l) 2 , +00). Thus, from MP > (n+ l) 2 , we get 

/(MP)>/((« + lf) = 0. 

It is just as inequality (|5.5p . Further, inequality (|5.4p or (|5.3[) holds. 
The proof of Theorem 12.21 is thus completed. 

□ 
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